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Balanced domains and convexity
Armen Edigarian
Abstract. For a quasi-balanced domain, we study holomorphic mappings
F : D × D → D such that F (z, z) = z and F (z, w) = F (w, z) for any
z, w ∈ D. We show that in many cases the existence of such a function is
equivalent to the convexity of the domain D.
1. Introduction. A fundamental theorem of Lempert states that on any con-
vex domain, Caratheodory distance and Lempert function coincide (for def-
initions and results see [7], see also [6]). One of the main problems coming
from Lempert’s theorem is the fact that Carathe´odory distance and Lempert
function are biholomorphically invariant, however convexity is not. From the
Riemann mapping theorem, any connected simply connected subdomain of C
is biholomorphic to the unit disk D or to C.
The main purpose of the paper is to study a condition which is biholomor-
phically invariant and is, in some cases, equivalent to convexity. Note that if
D ⊂ Cn is a convex domain, then we have deﬁned the following holomorphic
mapping
F : D × D  (z, w) → z + w
2
∈ D.
Now, let D ⊂ Cn be a domain. By S(D) we denote the set of all holomorphic
mappings F : D × D → D such that
F (z, z) = z and F (z, w) = F (w, z) for any z, w ∈ D.
Hence, if D is a convex domain, then S(D) = ∅. Recall that a domain D is
balanced if for any z ∈ D and any λ ∈ D we have λz ∈ D.
The paper was motivated by the following result.
Theorem 1. Let D  Cn be a balanced pseudoconvex domain. Then the follow-
ing conditions are equivalent:
Research partially supported by the National Science Center of Poland (NCN) Grant UMO-
2011/03/B/ST1/04758.
374 A. Edigarian Arch. Math.
(1) D is convex;
(2) D is biholomorphic to a convex domain;
(3) D can be exhausted by domains which are biholomorphic to convex
domains, i.e., there exists a sequence D1 ⊂ D2 ⊂ · · · ⊂ D of domains
biholomorphic to convex ones such that D = ∪ν≥1Dν .
(4) S(D) = ∅.
The equivalence of conditions (1), (2), (3) in Theorem 1 is well-known (e.g.
it follows from the results presented in [6]). The proof of Theorem 1 will be
given in Section 4.
Note that the property S(D) = ∅ is biholomorphically invariant (see
below). So Theorem 1 shows that in some cases one can replace convexity by
the existence of F ∈ S(D). We generalize this technique to the case of quasi-
balanced domains. We say that a domain D ⊂ Cn is (α1, . . . , αn)-balanced
if for any z ∈ D and any λ ∈ D we have (λα1z1, . . . , λαnzn) ∈ D. Here,
α1, . . . , αn ≥ 0 are integers. Note that a (1, . . . , 1)-balanced domain is simply
a balanced one. We say that D is a quasi-balanced domain if it is (α1, . . . , αn)-
balanced for some positive integers α1, . . . , αn.
For the sake of simplicity, we state our next result for a domain in C2 and
for a (1,2)-balanced domain (a more general case is given in Theorem 5 below).
Theorem 2. Let D  C2 be a (1, 2)-balanced pseudoconvex domain. Then there
exists a holomorphic mapping F : D × D → D such that
(1) F (z, z) = z for any z ∈ D;
(2) F (z, w) = F (w, z) for any z, w ∈ D






+ p(z1 − w1)2
)
∈ D.
The open symmetrized bidisc G2 is the image of the bidisc D2 under the
“symmetrization map” (λ1, λ2) → (λ1 + λ2, λ1λ2). It is known that on G2
holomorphically invariant distances are equal (see [1–3]), G2 is not convex (see
[2]), G2 cannot be exhausted by domains which are biholomorphic to convex
domains (see [4]), G2 can be exhausted by domains which are strictly linearly
convex (see [10]). Note that G2 is a (1,2)-balanced pseudoconvex domain.
As a corollary of Theorem 2, we have
Corollary 3. S(G2) = ∅.
The proof of Corollary 3 will be given in Section 4. The following question
is posed in [9].
Question. Does there exist a domain G in some Cn so that G2 × G is biholo-
morphic to a convex domain?
Note that if there exist domains G,D, where D is convex, and a biholo-
morphic mapping f : G2 × G → D, then we can ﬁx any point w0 ∈ G and
consider a mapping F (z1, z2) = proj1 ◦g( f(z1,w0)+f(z2,w0)2 ), for z1, z2 ∈ G2,
where g = f−1 and proj1 : G2 × G → G2 is the projection onto the ﬁrst
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variable. The function F cannot exist. So, the answer to the above mentioned
question is negative. It is a generalization of Theorem 2 in [9].
2. Holomorphic functions between balanced domains. From the Taylor series
expansion, it is easy to get the following useful result.
Lemma 4. Let D ⊂ Cn be a domain containing 0, and let Φ : D → C be a
holomorphic function. Assume that α1, . . . , αn, β are positive integers. For any




Φ(λα1z1, . . . , λαnzn).
Note that ϕ is holomorphic on a punctured neighborhood of zero. Then ϕ(0)










Let us write more explicitly the case when α1, . . . , αn, β ∈ {1, 2}. Put
S(D) = {j ∈ {1, . . . , n} : αj = } for  = 1, . . . , n. Then we can write the
above Lemma in the following way.





• For β = 2 we have ϕ(0) exists if and only if Φ(0) = 0 and ∂Φ∂zj (0) = 0 for














As an application of the above Lemma, we have the following Cartan-type
result for some quasi-balanced domains.
Theorem 5. Let D ⊂ Cn be (α1, . . . , αn)-balanced, and let G ⊂ Cm be a
(β1, . . . , βm)-balanced, where α1, . . . , αn, β1, . . . , βm ∈ {1, 2}. Assume that G
is pseudoconvex and that F : D → G is a holomorphic mapping such that


















(0)zjzk, when  ∈ S2(G)
.
Before we go into the proof, recall the equivalent condition for pseudocon-
vexity of quasi-balanced domains. Let D be a (α1, . . . , αn)-balanced domain.
We put πλ(z) = (λα1z1, . . . , λαnzn) and
hD(z) = inf{t > 0 : π1/t(z) ∈ D}, z ∈ Cn.
Then D is pseudoconvex if and only if log hD ∈ PSH(Cn) (see e.g. [8]). Note
that hD(πλ(z)) = |λ|hD(z) for any λ ∈ C and z ∈ Cn. Moreover, D = {z ∈
C
n : hD(z) < 1}.
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Note that if D is quasi-balanced and pseudoconvex, then for any holomor-
phic mapping F : G → D we have F (G) ⊂ D or F (G) ⊂ ∂D.
Proof of Theorem 5 For a ﬁxed z ∈ D, consider a mapping
ψ(λ) =
(
F1(λα1z1, . . . , λαnzn)
λβ1
, . . . ,




Note that ψ extends holomorphically to 0. Moreover, there exists ρ ∈ (0, 1)
such that hG(ψ(λ)) ≤ ρ for any λ ∈ ∂D. Hence, hG(ψ(0)) ≤ maxλ∈∂D hG
(ψ(λ)) ≤ ρ and, therefore, ψ(0) ∈ G. 
For balanced domains (i.e., α1 = · · · = αn = β1 = · · · = βm = 1), from
Theorem 5 we get:
Corollary 6. Let D ⊂ Cn, G ⊂ Cm be balanced domains. Assume that G is
pseudoconvex. If F : D → G is a holomorphic mapping such that F (0) = 0,
then F ′(0)z ∈ G for any z ∈ D.
3. Study of the condition S(D) = ∅. The following result (we state it as
a theorem, although it is a simple remark) shows why we are interested in
exhaustion by domains biholomorphic to a convex domain.
Theorem 7. Let G ⊂ Cn be a domain. Suppose that there exist a sequence of
domains Gν ⊂ G, Dν ⊂ Cnν , ν ∈ N, holomorphic mappings ϕν : Gν → Dν ,
ψν : Dν → G such that
• on Dν holomorphic distances coincide;
• G1 ⊂ G2 ⊂ . . . , ∪ν≥1Gν = G;
• ψν ◦ ϕν = idGν .
Then on G holomorphic distances coincide.
In particular, if domains Dν are convex, then on G holomorphic distances
coincide. We give a simple proof.
Proof of Theorem 7 Fix z1, z2 ∈ G. Then
cGν (z1, z2) ≥ k˜Dν (ϕ(z1), ϕ(z2)) ≥ k˜G(z1, z2).
But cGν (z1, z2) → cG(z1, z2) when ν → ∞ (see e.g. [6]). 
Now we study invariance of the property S(D) = ∅ under biholomorphic
mappings and exhaustion of domains.
Proposition 8. Let D1 ⊂ D2 ⊂ · · · ⊂ D be domains such that D = ∪ν≥1Dν .
Assume that for any ν ≥ 1 there exists a holomorphic mapping Fν : Dν×Dν →
Dν such that Fν(z, z) = z and Fν(z, w) = Fν(w, z) for any z, w ∈ Dν . Then
there exists a holomorphic mapping F : D ×D → D such that F (z, z) = z and
F (z, w) = F (w, z) for any z, w ∈ D.
Proof. Follows easily from Montel’s theorem. 
Proposition 9. Let D,G ⊂ Cn be domains, and let Φ : D → G be a biholomor-
phic mapping. Assume that there exists a holomorphic mapping F : D×D → D
such that F (z, z) = z and F (z, w) = F (w, z) for any z, w ∈ D. Then there
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exists a holomorphic mapping F˜ : G × G → G such that F˜ (z, z) = z and
F˜ (z, w) = F˜ (w, z) for any z, w ∈ G.
In particular, if G is biholomorphic to a convex domain, then the set S(G) =
∅.
Proof. Just put F˜ (z, w) = Φ ◦ F (Φ−1(z),Φ−1(w)). 
Using Corollary 3 and similar arguments as above, we have the following
result.
Corollary 10. There does not exist a sequence of domains Gν ⊂ C2, ν ≥ 1,
such that:
(1) G1 ⊂ G2 ⊂ · · · ⊂ G2;
(2) ∪ν≥1Gν = G2;
(3) there exist holomorphic mappings ϕν : Gν → Dν , ψν : Dν → C2 such that
ψν ◦ ϕν → idG2 pointwise, where Dν ⊂ Cmν is a convex domain, mν ∈ N.
(4) ψν are uniformly bounded, i.e., there exists a constant C > 0 such that
supw∈Dν |ψν(w)| ≤ C, ν ≥ 1.
Proof. Assume that such a sequence exists. Put Fν(z1, z2) = ψν(
ϕν(z1)+ϕν(z2)
2 ).
Then Fν : Gν × Gν → C2 is a holomorphic mapping such that Fν(z, w) =
Fν(w, z). Moreover, Fν(z, z) → z for any z ∈ G2. Since {Fν} is uniformly
bounded, from Montel’s theorem there exists a subsequence nk such that
Fnk → F locally uniformly. But then F : G2 × G2 → G2 and F (z, z) = z
and F (z, w) = F (w, z) for any z, w ∈ G2. This is a contradiction. 
Remark 11. Actually, similar arguments show that one can take domains Dν ⊂
Hν , where Hν is a complex linear topological space.
Remark 12. Similar ideas can be used to study biholomorphicity to convex
domains of the tetrablock (cf. [5]) and of higher dimensional symmetrized
polydiscs (cf. [9]).
4. Proofs of Theorem 1 and Corollary 3. Assume that D ⊂ Cn is a domain
and that F ∈ S(D). Then for any z, w ∈ D and j, k,  = 1, 2, . . . , n, we have
∂F
∂zj
















As a corollary of Theorem 5, we get:
Corollary 13. Let D ⊂ Cn be an (α1, . . . , αn)-balanced pseudoconvex domain














(0, 0)(zj−wj)(zk − wk), when  ∈ S2(D)
.
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In particular, if D ⊂ C2 is a (1, 2)-balanced pseudoconvex domain and if
F ∈ S(D), then F˜ ∈ S(D), where













(0, 0)(z1 − w1)2
)
.
Let us go to the Proof of Theorem 1.
Proof. (1) =⇒ (2) =⇒ (3) are clear. Let us show the implication (3) =⇒
(4). Suppose that Φν : Dν → Gν is a biholomorphic mapping and that Gν is
convex. We put Fν(z, w) = Φ−1ν (
Φν(z)+Φν(w)
2 ). Note that Fν : Dν × Dν → Dν
is a holomorphic mapping such that Fν(z, z) = z and Fν(z, w) = Fν(w, z) for
any z, w ∈ Dν . By Montel’s theorem there exists a subsequence Fνk → F ,
where F : D × D → D such that F (z, z) = z and F (z, w) = F (w, z).
(4) =⇒ (1). Since here S1(D) = {1, . . . , n}, the proof follows from Corol-
lary 13. 
Proof of Corollary 3 Assume that such a function exists. Then by Theorem 2






+ p(z1 − w1)2
)
∈ G2
for any (z1, z2), (w1, w2) ∈ G2.
Consider (ζ − η,−ηζ), (ζ + η, ηζ) ∈ G2, where ζ, η ∈ D. Hence,
(ζ, 4pη2) ∈ G2.
Therefore, (t,−4|p|t) ∈ G2 for any t ∈ (0, 1). Note that (z1, z2) ∈ G2 if and
only if the equation x2 − z1x + z2 = 0 has solutions in D. If p = 0, then we
may take any t ∈ ( 11+4|p| , 1) and get that the equation x2 − tx − 4|p|t = 0
has a solution x = t+
√
t2+16t|p|
2 > 1. Hence, p = 0. So, G2 is convex, but it
is a contradiction (take e.g. (2t, t2), (2it,−t2) ∈ G2, where t ∈ (1/
√
2, 1), but
(t(1 + i), 0) ∈ G2). 
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